Ptoduc_‘l' Space, )oin'\' alis'l"rfbu"‘('&v\

Considey +two measurable spaces (20, 4.), (S, 4,)
Detine the product space (n‘x_ﬂ_“ A®A) with

sSxq, = 1 (w,w) | wemn,, o€, Y

ABA =S AxA | Ae4 P €AS
Consider Fwo RYs. A (2,A,0) = (2, 4)

Xat (24P~ (24, A,)
Xz (X)) ¢+ (LA P) = (axn,, 4 ®A,)
(% ) (@) = (% (), % ()

The distribution P on (2xn,, 4,@4) is

[xl/x'l)

called *ha  joint distribution of X and Xz,

Erample in ML- (X,V) whee X is e input:

data, Y is he \qbel-
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E"’o AuC'r measure : | .t L.Q., ’ '4': ’ P, ) ’ (‘S)"-/A‘z/?‘l‘>

be tweo P""b‘*’” iy, spaces. We define the
PD’OC’ULD"’ measuye 8@,)2 N 'Hq P'Toa/uuc'f‘

SPaL(e (._Q|xj7_2, A,@ Al> a s

(PI®P?—)(AIXAL) t= P’(A’)- P"(A">

Two RYs X, Ry are 'aneP.encJen'/'

l's" amol a'nly }‘)c' ’H\cl"x jOin‘I- clis{y,‘bu‘f‘iw

coincides with the P*roduc,‘l‘ Qictvibuwt ions:
P, = POF

xllft)
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Mawj inol Dis‘l'r ' butions
Consider the jo'm"‘ Jistvibution j?x )
0*6‘ tws RVe. K:= (‘(w\/‘z.) . The ma'rsfna-e

AES{‘YZB\L‘HM d‘! X w.vi. A, s +ho
O"cijl'r\aj distei buk iem dj X, O’Y\(SLI,A‘)'

r\a~m€—[7 le_ gimflq'rly 'lco's )<9_ &S wrell.

EXMP'& ir\ ‘H‘Q d(.SC'YC.'EQ CQS'Q:

Wl A X2 Ke

yl Pln Pl?. Plg

\,L P? Pzp_ P23
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‘X\alj_fma—( dis“'*ribu{‘ions I~ CaSe j dengities
XY (%, 4 P)= (R, 9(@)) z:=(%,Y) .

Acsum That the joint dis tri bulien ,7/
2 has o A&S]'[V + m ﬂl.z_ Tﬁ\er\ Lo

hayv < 1te ’Gouow‘v\j e TatemenTs -

(() BD’Ha X omd Y have clensf'('ies )

(R, R(R)) given by
‘E( (=) = y f(x,v) <y

1) = [ )

(23 N amnd V ove fY\QJCP&nclen"" l"]cf
-ﬂ(&v) = 'Fx () (Y(y) QR-S.
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Mic ed cases

Fov e#wPlZ, tonsidey ¥ isatontinuous RV,

with Q\ens?{“y ond Y o discrete RVY.

SFQCial Cage : Mifjfﬂz[s i MUH'(‘\Iinq"c NoYmA-L

X
X dim Cp—ng'q‘ng ~ 2-dim nmm-.[ DAY, )L:(X2>

"\ e p® - [ %
WwiTh mean |= (uz>ém and  Cov. 2 = (6_' r"-)

2 2

Thew the r‘f\a'fjl'na/ dist: ’f X wrd X s
r\O'rmaI d;S’{Y; l‘.‘)M+I.O71 wE{’L " e enn

&7ﬁfn o
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— dim - @ 14
- dim X;(_;>enz. Grvoup the
X

Va"fl.db(eS <= ()(\5 c “2\'“ ’ TS <7\:2r4‘>4 mh-h
KL 'X’h

U)anf <o loob. o The Ma'inr\a.[ Oj X

L T

= - (f“)isf)enz““

ZTS ‘ 2'r'l‘

Now the Ma\’sina] ’j X w~t S ¢ a ﬂowm“/
dist. o R® with mean Mg ond cov 2
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Cono]f”'fmw( Digtwi Lu‘l‘:'a-ns

D]scwcfc case -
knou) md;-’-;maj P'o'ol'nq bil: fes - P(HlB)
defined for eVenls F, B €A, ormd] P(B) >0 .

let X,V (.Q, A, P) > R be discrete RV
Y€ R cuch Fhot P(7’:y) > . Then we (e
cJe’Ffﬂe H‘e er\d("‘l'iu—n..( ’D‘Yo,pajal‘ lr‘l‘) Measfy v

] A —> P(XeAlY:v).

This s = P'fo.laalbi 't'l“y Mea Su 7e.

Fox 7che'rw( RY .}ELIS Yevy Le—m'p]:'c'aj"en[,’

Conditional dishibutions in case iﬁl?ns'u“]‘iei'.

2= ('X, \l) has = f‘DiIIFI. dev\si'l"(f 'F: ﬂlzélll,

Assume

and MA"’jiV\ﬂj cler\si"‘}es ')c%, {y: R~ ITQ
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Then The Functiom '

4\ = £ (= y)
ey © T 40

'ls ':H'\elr\ a..(SD a J.er\sf"'y onN |‘R, Cq“eé ‘ﬁ’tve
con i Tienal clcnsi‘[',y 0‘5 X qiven V"':f

Examp\e : 'no-rmJ Ais-\'v'lbw'i“c'aﬂ

- ('ﬁ“g N
o p'" Y b s 2yr

Tf xe (’-“)wx\(u,z),ﬂw e

N
onditionel distsibuatims of X2 (:>

L1 . .
(.a'r\eli'['zo—ne.& 6N ’)(T = ( ‘x > lg  9iven b7

P";,Xr ~ N( My T Zs'r ZT: (KS "/AT) ,

T -
2. -2, . 2, )
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co'r\o[i‘f?o—no-(

mwrs\'\nog
(Skciv\S )

(Co"a Psin3 )


Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu


Con Jdi +frnal E$P¢C+a +iom

X, ¥:(RA P)3R. Assume
% tahes Linitely (countably) many values
%t ... %o €R, ¥ Tabey finely (conntably )
many Values Vi, - oY € R Akvays wifh
positive probabilidy.
E(Y]x=w) = Sy P =5 lx =)

J=I

EﬁmE(e . “'wo CJI'CCI X =2 value o'b die A ,
Y = va lue c{ die 2, 'mclef:enden’l' dice.

E(.Cum, )(=;> = % L P(Sumzi,)(-;l)

6
= R) - - -
}__‘ (+B) - P(¥= R]% |>
(A
i (I-Hz)' P(\/: P—) = E:_Ll-\rh)'i- = Ly
L= Y
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So fav we defined E(7/x=2), but often
we want to emsidec the  function E [V
This i a RV : ENW):(2,4,7) = (R, 2(®)
This leads to te Hollowing.

7<, T s be fove. Then Fhe

oN &f{'(oﬂ a-a eﬁPCC{q"‘{M s Q)e €r'nccl al "fo”ow_g;

E(ylx) = £x) with
{ E(yIx=2) it P(x=x)>0
4'—(1) =

arbi 'f-m'r7, Say D othe rwise

E(‘II)L) e only defined a-s
Now we Wan Tt +o ton St den -['Lp more 7€heYaJ

cCaSe:
Sheteh : % ntinuous RV
VY Jdicseve te BY ~ iU

We want to bok at ELX[Y),


Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu

Vishnu


\

Q ‘ ( ( !
—\?\ | ! } — Y n
Y=y, Y=4, Y=, T=9, v Yo
\ - ;AN e~ C—— e~

v - S
Wan T 1o define E_()Q\y) 1= r:z' E(Xl\/grj') Q]_B'(w)
B\L'l- nee_J Yo make Suve ']"\a."" |{' ¢  measurable
w-¥- L F(V) ( Hq“Lfn_c")

Def (comnditionod escpiifad‘ien mL‘)
Consider RV %: (A, P) DR Xe L(%A,?P)

let A be =« Sub—r~a|5ebr« of A—a. (;n’hnhm.-A
lp\“ be ‘H«:. - a\gclmu jene{a\,f‘ed 1)7 'l‘ﬂe an’a.b]gy

we wanT To ndition m)

We. how cle'ane ‘He wndifn'o—n ex_pec’]‘a‘h'e—n O'/' X
fjiven A E(X\A—) as any tondom Variable %
that catis fies
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(() Z s measurab'e w.v. T. A_
[2) For oMl Ae 4 we have

jxaP = fA%JP

§ u:mévhrnol

Q'I\Pfcea"' )

.-“

R )

. .
]

. '

! :

' [}

.

. Exis‘\'cm'.e 0»' E()(\A_) 1¢ n'o‘} cleow o~
P‘“fo"i it needs Yo be P‘b‘oV‘eal-

E(xl \/) = E ( ﬁ\r[‘/))

Exmmp’es ( C‘L'l‘vcmc C°~-"<$)’

K= Y . Then E(*)‘/) = -E('*‘) (°"S>

x 1Ly - E(X“f) == EbO (a.s.>
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Case ’i :\Oir\‘|‘ densities

N2 ("Q‘/ A—, P) — (fP, ?(ﬂ@) have o join""
cler\sf""f ’P(*r"z)- he T V& R~ R bounded,

set Y := 3(2‘) Assume we wanT Fo

tompate  E(v]%) = E(9(2) [x)-
Reell * has density K 0O= [ #ox2)ae

‘T‘\C. Cb‘ﬂdr"['imal d,engf"'7 0-1 2 j')\lcn )('-‘l 33

{ (%X = '("'('*/%) (I,(L +ﬁ(‘l)#o‘>
4 £(1>

Now cen sider h(’isf: J?(‘?B 'E(zx(a) dz , now

define  E(YK) = R(x).
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